undiscounted and for the special case of a Leontief-type model without scarce labor and with discounted utility. There were also local results for discounted utility with scarce labor by Levhari and Leviatan [20] , but there were no global results for perhaps the most relevant case for decision making, the maximization of a discounted sum of utility over time with scarce labor. However, in the past two years the situation has changed significatitly. First, Scheinkman [42] proved in a differentiable model that under the conditions leading to a global turnpike without discounting there will be a turnpike result when the discount factor is sufficiently near one. His theorem suffered somewhat from the lack of a criterion to indicate when the discount factor was sufficiently near one. Then Rockafellar [38] and Cass and Shell [10] provided criteria which can be interpreted in terms of the degree of concavity of the utility function. The'proof of Cass and Shell, in effect, generalizes t-he method used by Radner in the von Neumann model. Next, Brock and Scheinkman [7] proved a closely related result in a differentiable model with continuous time in which the condition on the discount factor took an especially clear, local form. A careful analysis of the local problem has been provided by Magill [22] . Finally, Araujo and Scheinkman [1] have proved a turnpike theorem in a differentiable discounted model using a dominant diagonal condition which does not translate directly into the degree of concavity or the size of the discount factor. My own contribution to the recent development is a somewhat different order of proof, dispensing with the transversality condition, for the result of Cass and Shell, generalized to the case of a nonstationary utility function. In the preparation for this extension I derive prices to support simultaneously weakly maximal programs and their value functions. I must add the caution that this summary of the development of the turnpike theory in optimizing models is very cursory. In particular, we have omitted the literature that is now developing rapidly on models with stochastic utility and production.
KINDS OF TURNPIKES
The first turnpike theorem due to Dorfman, Samuelson, and Solow [11] , was concerned with a finite accumulation path that swung toward an efficient balanced path in the middle phase of its history. In this paper I will be concerned with multi-sector Ramsey models, but there is a turnpike theorem in these models of the same kind. There is an assigned terminal capital stock and the objective is to maximize the sum of utility over the finite accumulation period. Then we show that if the accumulation period is long enough the optimal path will stay most of the time within an assigned small neighborhood of an infinite path that is optimal (using the term "optimal" vaguely at present). This kind of turnpike is illustrated in Figure 1 , where the infinite path is balanced.
It should be mentioned that the use'of a balanced path as the turnpike is incidental to the stationarity of the model. The real ground for the result is the tendency for finite optimal paths to bunch together in the middle time, and this tendency is preserved even in models which are time-dependent. Some theorems in a nonstationary context are proved by Keeler The second kind of turnpike theorem also concerns finite optimal paths but it compares them with an infinite path that is price-supported and starts from the same initial stocks. It asserts that a sufficiently long finite path will hug the infinite optimal path in its initial phase whatever terminal stocks are assigned. A strong theorem of this type was found by B3rock in the one-sector case [51, and a multisector theorem was given by McKenzie [30] . A turnpike theorem of the first kind will usually imply a theorem of the second kind, but there are other cases as well. The second kind of turnpike is illustrated in Figure 2 .
The third kind of turnpike deals with infinite paths that are optimal. It is the basic result that optimal paths converge to each other in appropriate circumstances. However, in stationary models it is convenient to describe this situation as convergence of infinite optimal paths to the optimal balanced path. and McKenzie [28] gave theorems of this kind. The critical property of optimal balanced paths in these models is that they can be supported by prices. This fact may be used to prove that infinite optimal paths exist from any initial stocks. The crucial role of price-supported paths for proofs of existence might be guessed from the early existence proof of C. C. von Weizsacker [46] for one-sector Ramsey models. It was shown in a general setting by McKenzie [30] . The third kind of turnpike is illustrated in Figure 3 .
It should be noted that in the first kind of turnpike theorem, as well as in the third kind, the converging paths may start from different initial capital stocks, while in the second kind of turnpike the converging paths must have the same initial stocks. Moreover, the finite paths in the first two cases show their turnpike tendencies independently of the assigned terminal stocks. However, the features of the model that allow the turnpike results to be reached are quite similar for the three cases, so their differences are sometimes a matter of form rather than substance.
It is worthwhile describing the practical utility of the three kinds of turnpike theorem. If the initial steps of a finite program of length T that is optimal must lie near the initial steps of the infinite optimal program from the same starting point, even though the target capital stock in period T ranges over a wide set of possibilities, it will not be necessary to know much about tastes and technology in periods beyond' T in order to approximate an optimal program in the first period. Our models have a Markov property. The significance of facts beyond period T is fully allowed for in the choice of capital stocks for that period. To the degree that T period stocks can vary without substantial effect on choices in the first period, knowledge of tastes and technology beyond T is not needed.
On the other hand, if the capital stocks of finite optimal programs of length T must lie near together in period X < T for widely differing initial and terminal stocks, it becomes possible to plan for an infinite program that is approximately optimal by aiming at the stock of period z for whatever program of the set is easiest to compute. Once more, it is not necessary to know tastes and technology beyond T and, in addition, planning can be concentrated on the first -X periods. This assumes, of course, that the T period stock of the infinite optimal program belongs to the set of terminal stocks for which the theorem holds, and that an infinite optimal program exists.
Finally, the convergence to one another of the infinite optimal paths from different initial stocks means that infinite optimal paths may be approximated by computing finite optimal paths with the stock of any (within limits) optimal path in some period T as the target. This is useful if the infinite optimal path from a particular initial stock is easy to compute.
THE GENERAL MODEL
I will begin by describing a general model of which the models we will later use are special cases. In Ramsey fashion I will assume that the past influences the future only through the quantities of certain state variables at a point of time which we will identify with capital stocks. Then we suppose that the objective is given in the form of a sum of periodwise utilities that depend on events within the period, but in reduced form may be expressed as functions of initial and terminal stocks of the period. When our interest is an asymptotic property of the path of capital stocks, there is no need to show how utility. depends on production and consumption during the period, for it is a necessary condition of an optimal program that these be chosen so that utility is maximized given the initial and terminal stocks of capital. Thus the significant choice from the viewpoint of the intertemporal maximization problem is the choice of terminal stocks given initial stocks. This fixes the contribution of the period to the optimal program.
The utility function may be allowed to depend on time where the dependence reflects changing technology, changing tastes, changing environment (so far as this is independent of path), and changing size and composition of population. Sometimes the effects of population size are recognized by using capital stocks per person as the arguments of the utility function. The utility function may also express a relative disinterest in the future. The changes must be thought of as foreseen and incorporated into a social evaluation function. I will not discuss the stochastic problem, except to remark that a turnpike theorem increases the interest of a model with certainty even if the world is known to be uncertain. If paths bunch together in the near future, it may not be necessary to know much about tastes and technology in the distant future.
Formally, let u,(x, y) be a function to the real line, defined on a set D, contained in the nonnegative orthant of Et -1 x Et, an nt 1 nt dimensional Euclidean space. The vector x 0 0 lies in Et_ 1, and its components represent quantities of capital goods existing at time t -1. The vector y , 0 lies in Et and its components represent quantities of capital goods existing at time t. Then ut(x, y) represents the maximum utility realizable in the period from t -1 to t when x is the initial capital stock and y is the terminal capital stock. Capital goods may be broadly construed to include a wide set of state variables, such as elements of pollution in the environment, properties and skills of the population, and remaining deposits of exhaustible natural resources. Thus we will describe a rather general nonlinear optimization problem in discrete time. The formalism and also the methods of proof are close to those which were pioneered by Romanovsky [39] , but which unfortunately went unnoticed in the West.
We will say that a sequence of capital stocks {kt}, t E I, where I is a set of consecutive integers, is a path of accumulation if (kt 1, kt) E Dt when t -1 and t are in I. Then a path of accumulation isfeasible if it meets the assigned conditions on initial and terminal stocks. When the horizon is finite, an x, y will be assigned and a feasible path of length s must satisfy kto = x, kt5 = Y, where I = {to , ts}. When the horizon is infinite, the terminal requirement must be omitted.
SUPPORT PRICES
Turnpike profiles are characteristic of paths of accumulation that have certain optimal properties, that is, paths of accumulation which are feasible and in some sense maximize utility over finite or infinite horizons. Treat initial capital stocks as inputs and terminal capital stocks and utility for the period as outputs. Let the price of utility be one. Then associated with optimal paths under certain assumptions there are prices for the capital stocks at which input-output combinations along the optimal path achieve maximum value in each period for capital stock vectors in Dt. These prices also support the future utility sum in a similar way. The turnpike theorems will be proved by use of the support prices.
We will find price supports for optimal paths by a method due originally to Weitzman for some e > 0 as T -* oo. An optimal path is a feasible path that catches up to every other feasible path from the same initial stocks. A weakly maximal path is a feasible path which is not overtaken by any other feasible path from the same initial stocks. This view of optimality was first proposed by von Weizsacker [46] and later refined by Gale [14] and Brock [4] .
In order to avoid trivial cases we make the following assumption: ASSUMPTION 1: For any given t and 4 < oo, there is 4 < oo such that Ixi < implies ut(x, y) < 4 and lYI < (. We consider the weakly maximal path {kt}, t = 0, 1,..., from ko = x. The addition of a constant pt to the utility function ut(x, y) has no effect on the optimality of a path. Then, by Assumption 1, we are free to choose ut(x, y) so that ut(kt-1, kt) = 0 for all t. Let St be the set of paths {h}, r = t, t + 1,..., such that zt+ 1 u(h 1, h.) converges to a finite limit as T -* c). Define the value function However, Vt(kt) = 0 for all t. Thus if V,(ockt) is bounded over large t, ptk, will be bounded above. Weitzman assumes that 7' a,(k,_1' k,) exists when the zero of the utility function is selected so that at(0, 0) = 0 for all t. Of course, this requires (0,0) e Dt. In this case, our normalization gives t(0) = -1 iit(kt1, kt), so 1t(0) -* 0 as t -+ oo. Then, using o = 0, (9) implies ptkt -* 0, as t oo. A less extreme assumption which will obtain the same end is that V4t(kt) 0 as t -o o for a near enough to 1. This may be expected to hold when ut(x, y) = btu(x, y) for some 3 with 0 < 3 < 1, that is, ut is a stationary utility function discounted at a positive rate.
We have proved a price support lemma for weakly maximal paths: On reflection it will be clear that the argument leading to price supports for an infinite optimal path can be adapted to the finite case as well, indeed, with fewer complications since the finite feasible paths always have finite utility sums. Moreover, price supports can be found for infinite feasible paths whose finite subpaths are optimal by taking limits on the prices supporting initial segments of the infinite path as their lengths go to infinity. This requires that one bound the prices in each period, perhaps, by means of a feasible set of outputs attainable in that period which has an interior in Ft. This was the general method introduced by Malinvaud [24] . However, there seems no way to arrive at bounds on the asymptotic values of the capital stocks unless the prices support a value function such as Vt(x), and this method of derivation of the prices does not provide such an implication.
The existence of bounds on capital values, so-called transversality conditions, has been a basic requirement of turnpike theorems in the past (see McKenzie [30], for example), but we will find in the sequel that what is needed is only that the value function exist and satisfy certain bounds. This will suffice to bound the difference in capital values which is critical in the arguments.
AN INSIGNIFICANT FUTURE
Oddly enough, the turnpike theorem of the second kind, where the approximation to the optimal path occurs in the early periods of accumulation, can best be proved under conditions that are most difficult for the proof of the other two kinds of theorem. This is where the distant future is insignificant for the utility sum. However, the second kind of theorem reaches strong conclusions on the basis of rather weak assumptions. As we have already seen it has an interest for the planner that compares favorably with the interest of other kinds of turnpike theorem.
A crucial role in the proof of our theorems will be played by the notion of a reachable stock or a reachable path. A path {k,} is said to be reachable from a given capital stock y at time t if there is a path {kr}, T = t,.. ., t + n, for some n, where k= y and k'+ = + n. We say that a capital stock y is reachable from a path {k,} if for any t during the path there is a path {k'}, T = t, ... , t + n, for some n, where k' = kt and k'+, = y, and moreover Et+ n u,(k_ -1' kr) > U. It is understood that n may depend on t while U is independent of t. We say that a, path {k'} is reachable from a path {k,} if for any t during the second path there is a path {k'}, T = t,.. . , t + n, for some n, where k' = kt and kt'+n = k+n, and Eti+ n u(k-1' k') > U. Again n depends on t but U does not. A stronger notion is uniform reachability where n may also be chosen independently of t. We also speak of free reachability if U may be chosen to depend on t so that U -O 0 as t -* oo.
The idea of reachability is natural in the turnpike context since there must be paths which approximate or attain capital stock objectives in some fashion if turnpikes are to be possible. In the earlier literature with constant tastes and technology the appropriate reachability was guaranteed by special assumptions on the technology, such as the existence of a capital stock that can be expanded in every component (see Gale [14] and McKenzie [28] , for example). For variable models the assumption will be made directly.
In order to prove our turnpike theorem, we will need to strengthen the concavity assumption (Assumption 2). We assume the following: 
UNIFORMLY CONCAVE UTILITY
We next prove a turnpike theorem of the first kind where finite optimal paths that are sufficiently long spend most of the time near a weakly maximal path. The crucial fact that underlies the turnpike property is uniform concavity of the utility functions. As a consequence, paths that do not converge to the turnpike suffer value losses that are unbounded as the length of the paths increases. In the case of u,(x, y) = ptu(x, y), where u(x, y) is strictly concave this condition fails for 0 < p < 1 since the corresponding value loss can be given the form pt3(z, w) which converges to 0 as t -* to. Thus in a quasi-stationary model (ut = ptu) it is necessary to choose p .: 1 to apply the results of this section. As we will see, p > 1 must also be excluded. We assume the following: ASSUMPTION 5: The utilityfunctions {ut} are uniformly concave, that is, the 3 of Lemma 2 may be chosen independently of (x, y) and t.
Uniform concavity is a condition analogous to the assumptions made by C. C. von Weizsaicker [46] and used to prove the existence of an optimal path of accumulation in a one-sector model. It is used in a more general context by McKenzie [28] . With Assumption 5 it is possible to estabtish a turnpike theorem for a wide class of finite optimal paths. Let {kt}, t = 0, 1,..., be a weakly maximal path. Assume Assumptions 1, 3, and 5 are valid. Let x be a vector of capital stocks at t = 0 from which {kt} is reachable. Let y be a vector of capital stocks from which {kt} is uniformly reachable, and which is uniformly reachable from {kt}, that is, from any T A 0 there is a path departing from k, and arriving at y after n periods with a utility sum over these periods bounded below by a number U. We recall that n and U are independent of the choice of T. These reachability assumptions can be met in a quasi-stationary model where p : 1, only if p -. 1, since p > 1 implies U must become infinite with t. Also utility is normalized so that ut(kt-1, kt) = 0 along {kt}.
Consider any finite optimal path {kt}, starting with 5x at t = 0 and terminating with y at t = T. Suppose {kt} is reachable from x at t = 0 in n1 periods and -is uniformly reachable from {kt} in n2 periods. Choose T > n1 + n2. Let {kt}, t=0,..., T, satisfy, k' = x, k' = kt for n1 t T-n2, and k = . The existence of such a path is guaranteed by the reachability assumptions. Write u' for ut(k -1, k'). The definition of optimality implies that PROPOSITION 2: Assume that {kt}, t = 0, 1,..., is a weakly maximal path and Assumptions 1, 3, and 5 hold. Assume that {kt} is uniformly reachable from any path from ko that it does not overtake, and that it is supported by a bounded price sequence {ptj. Then {kt} is optimal.
WEAKLY MAXIMAL PATHS
From Theorem 3 we know that two weakly maximal paths will converge under the assumption of uniformly concave utility if one of them is uniformly reachable from the other. However, we have noted that uniform concavity does not apply to the stationary utility function subject to discounting which is the basis for many frequently used models. However, recent work of Cass and Shell [10] and Rockafellar [38] has shown a way to weaken the demand for uniformity by putting a lower bound, in effect, on the degree of concavity. The nature of this bound has been explored further by Brock and Scheinkman [6 and 7] for the case of differentiable utility.
The Cass-Shell argument is made in the framework of Hamiltonian theory as developed by Rockafellar [37]. We will derive our results using the method of our earlier arguments, a method which may be referred to as "value loss". This approach is mentioned briefly in the Cass-Shell paper, but it is not carried out there. The new move that permits assumptions to be weakened is simply to sum the value losses 6,(k'-1, k') and 6'(k, k,) In the case of a stationary utility function with discounting, where u, = ptu for 0 < p < 1, the condition of uniform concavity over time can be restored by replacing u, with u, = p -tut = u. Cass and Shell showed that one could define a current value Liapounov function in terms of a price support of u that might be, effective. Brock and Scheinkman [6] gave a sufficient condition on the degree of concavity of u in the differentiable case to insure that the Liapounov function works. This suggests that we seek positive numbers pt such that it =H1 P-p 1ut are uniformly concave.
Define a current value Liapounov function by L,(t) = i1' p7 1LP(t). We may write (29) as When rt = 0 for all t, Assumption 6 reduces to Assumption 5. Moreover, if the utility functions 13' ut are uniformly concave, it may be expected that Assumption 6 will continue to hold if rt is near enough to zero for all t.
Let {kt} and {kJ} be weakly maximal paths for t = 0, 1,.... Let u, be a normalization of utility so that ut(kt kt) = 0 for all t W 1, and let u' be a normalization satisfying u'(k1-, k') = 0 for all t W 1. Note that 'Tu,+ 1(k, k'+) convergent as T -oo implies that the limit of this sum is Vt(k') and, mutatis'mutandis, for V'(kt).
Otherwise there would be a path with a convergent utility sum whose limit lay closer to Vt(k'), and this path would overtake {k'} in contradiction to weak maximality. From (32) we have Lp(t) X 0. Thus Lc(t) = FIIt pr 'Lp(t) 4 We are able to use Lemma 1 to obtain the price sequences {ptj and {p} that are needed to state Assumption 6. We may note that since the paths commute, the sets Kt are the same for the two paths so that Assumption 3 is satisfied for both paths if it is satisfied for either. Also value losses will only be needed in the proof for weakly maximal paths. This means that Ft can be taken as the smallest flat containing Kt, for capital stocks in Pt and not in Kt cannot appear on a weakly maximal path and so are irrelevant for value loss calculations. Then the interiority assumption (Assumption 3) is much weaker. Finally, the assumption that the paths commute can be replaced by the assumption that X1 ut(k'_ 1, k') converges to a finite limit as t --oo, when u,(kt-1, kt) = 0 for all t.
The situation is simplest for application of Theorem 4 in the model with a present utility that equals a discounted stationary current utility, ut(x, y) = ptu(x, y), where 0 < p < 1. It is obvious for bounded current utilities that I' ut will converge. However, it is a common assumption in these models that sustainable stocks (all x such that there is y > that an optimal stationary path exists [43] . Then under the assumption of Theorem 4, all weakly maximal paths will converge to the optimal stationary path. Indeed, the weakly maximal paths will be optimal paths. This is the traditional context in which Ramsey turnpike theorems have been proved. Assume that the "extensive" model has neo-classical production functions without net joint products. (If (x, y) is an input-output vector for the jth industry, for i =# j, xi : yi and if xi > 0, xi > yi.) Let output be divided between consumption and terminal stocks and utility be a strictly concave function of consumption. Then the "reduced" model cannot have a strictly concave utility function in terms of initial and terminal stocks. A flat piece of the graph of ut(x, y) will be generated by all the variations in activity levels which are consistent with the consumption vector that underlies a particular value of ut(x, y). The corresponding variations of input and output will be absorbed by changes in the arguments x and y of ut without a change in utility level. If the technology is also irreducible in the sense that n activities must be used to obtain y ; x for (x, y) E Dt, the dimension of the flat pieces of the graph of ut cannot fall below n -1 when stocks are being maintained. 1, kt) . Similarly, the conclusion of Theorem 1, that a long finite optimal path begins with initial input-outputs kt near the initial input-outputs kt of an infinite price-supported path that starts from the same initial input ko = ko, is replaced by the condition that (kt, kt 1) lies near Nt for small' values of t. The conclusion of Theorem 3 is changed in a similar way so that convergence to facets replaces convergence to paths.
However, this is not the end of the story. Depending on the character of the facets it may be that paths which remain close to a sequence of facets for a long time must approach each other. This can be studied most effectively for quasistationary models (ut = ptu, p < 1) where one price-supported path is an optimal stationary path so that the facet sequence is Nt = N* for all t. The conditions needed for convergence of {kt} to k* when optimal stationary states exist and the conditions of our theorems are less stringent than a requirement of nonsingularity of A would suggest. Indeed, it would seem that this result for quasi-stationary models would fail only in a set of models of "measure zero". Gale [13, Theorem 5] shows that it will always be possible to express k* as a convex combination of no more than n + 1 processes. Moreover, small perturbations of the model will eliminate characteristic roots-of absolute value one except for the root one which is present by construction. Morishima 
